We prove smoothness of H 2 isometric immersions of surfaces endowed with a smooth Riemannian metric of positive Gauss curvature. We use this regularity result to rigorously derive homogenized bending models of convex shells from three-dimensional nonlinear elasticity.
Introduction
For a local C 2 isometric immersion u of a two-dimensional Riemannian manifold with positive Gauss curvature into R 3 , there is a link between the regularity of the metric and the regularity of u; in particular, if the metric is smooth then so is u. Without a priori assumptions on the regularity of u this link is broken; as shown by classical results of Nash and Kuiper even C 1 regularity is not enough.
In the present paper, we show that square integrability of the second fundamental form of u is sufficient for the link to persist. In particular, if the metric is smooth, then u is smooth in the interior, provided that initially it belongs to the Sobolev space H 2 . We note in passing that replacing the assumption of positive Gauss curvature by zero Gauss curvature also breaks the regularity link. Indeed, local isometric immersions of class H 2 of the standard flat metric in R 2 into R 3 may fail to be C 2 , see [Hor11b] and [Hor11a] for examples in this direction. Our regularity results for metrics with positive Gauss curvature rely upon earlier work byŠverák on the Monge-Ampère equation. Due to the low regularity, the passage from the scalar problem to the vectorial problem addressed here is not trivial. Relaxing C 2 regularity to regularity on the Sobolev scale is important for variational problems: the H 2 isometric immersions studied here arise naturally in thin film elasticity. In the present paper, we use this regularity result to derive homogenized bending models for convex shells from three dimensional nonlinear elasticity. Much work has been done on shell theories in elasticity. An overview of the derivation of models for linear and nonlinear shells by the method of formal asymptotic expansions can be found in [Cia00] . In the case of linearly elastic shells, the models thus obtained can also be justified by a rigorous convergence result, starting from three dimensional linearized elasticity. In the last two decades, rigorous justifications of nonlinear models for rods, curved rods, plates and shells were obtained by means of Γ-convergence, starting from three dimensional nonlinear elasticity. The first papers in that direction are [ABP91, LDR95, LDR96] for strings and membranes (plates and shells, respectively). For plates, the nonlinear bending theory the Föppl-von Kármán theory were derived in [FJM02] and [FJM06] . For shells, the nonlinear bending theory was derived in [FJMM03] and the von Kármán theory in [LMP10] ; see also [LMP11] for limiting models in an intermediate energy scaling regime between bending and von Kármán theories, for the particular case of convex surfaces. Here we are interested in the derivation of the homogenized bending theory of shells by means of simultaneous homogenization and dimension reduction. Our starting point is the energy functional of three dimensional nonlinear elasticity: the elastic energy stored in a deformation u ∈ H 1 (S h , R 3 ) of a reference shell S h ⊂ R 3 of thickness h > 0 around a surface S ⊂ R 3 is given by 1 h 2 |S h |ˆSh W ε (x, ∇u(x)) dx.
Here, W ε is a non-degenerate stored energy function that oscillates periodically in x, with some period ε ≪ 1. We are interested in the effective behavior when both the thickness h and the period ε are small. The separate limits h → 0 and ε → 0 are reasonably well understood: in [FJMM03] it is shown that, when W ε does not depend on ε, then the functionals (1) Γ-converge, as h → 0, to a two-dimensional bending shell theory.
Regarding the limit ε → 0, which is related to homogenization, the first rigorous results relevant in nonlinear elasticity were obtained by Braides [Bra85] and independently by Müller [Mül87] . They proved that, under suitable growth assumptions on W ε , the energy (1) Γ-converges as ε → 0 (for fixed h) to the functional obtained by replacing W ε in (1) with the homogenized energy density given by an infinite-cell homogenization formula.
In this paper we study the asymptotic behavior when both the thickness h and the period ε tend to zero simultaneously. Such a combination of dimensional reduction and homogenization has been the subject of numerous papers: in the paper [BFF00] the authors study the same effects for nonlinear systems (membrane plate) by means of Γ-convergence, also without periodicity assumptions. In their general approach they also consider the possibility of oscillating boundary. The 1d case of rods was addressed in [Neu12] ; more recently the plate model in the von Kárman regime (see [NV13] ) and in the bending regime (see [HNV14, Vel15] ) were analyzed. In these cases one does not obtain an infinite-cell homogenization formula as in the membrane case (see [BFF00] ). This is because the energy is essentially convex for small strain. Therefore one can use two-scale convergence techniques in all these cases. However, each case has its own peculiarities. In the von Kármán theory of plates, one obtains a limiting quadratic energy density which is continuous in the asymptotic ratio γ between h and ε, for all γ ∈ [0, ∞]. Moreover, the case γ = 0 corresponds to the situation when the dimensional reduction dominates and the resulting model is just the homogenized plate model in von Kármán regime. The situation γ = ∞ corresponds to the case when homogenization dominates and the resulting model is the plate model in the von Kármán regime corresponding to the homogenized functional. The same phenomenology is observed in bending regime for rods in [Neu12] . The limiting model of the homogenized plate in von Kármán regime without periodicity assumption is obtained in [Vel] and the model of rod in bending regime in [MV] . The nonlinear bending theory of plates is more involved in the periodic case. In [HNV14] the authors obtained asymptotic models in the case γ ∈ (0, ∞]. In [Vel15] the author obtained the asymptotic model corresponding to the regime γ = 0 under the additional assumption that ε 2 ≪ h ≪ ε.
In the critical case h ∼ ε 2 one may expect that the oscillations needed for the relaxation would have to include some other frequencies in addition to the one on which the material is oscillating. So two-scale analysis might not be sufficient in this case. In [NO15] the authors derived the homogenized bending plate model by performing homogenization of 2D bending plate. The homogenization of shells in the von Kármán regime (cf. [HV14] ) also displayed a separation of the models for the case γ = 0. For generic shells, we were able to identify the model for the situations ε 2 ≪ h ≪ ε and, surprisingly, also for the siuation h ∼ ε 2 . Moreover, for convex shells we were able to completely resolve the case γ = 0. The geometric framework developed in [HV14] will be used in the present paper as well.
As it was already emphasized in [HV14] the bending theory for shells seems likely to be more involved. In this paper we address that case, but only for convex shells. To answer the question of homogenization of bending shell we need to answer on the question of additional regularity of isometries on convex surfaces, for which we apriori know (by the compactness result) that are H 2 . The main results of this paper are Theorem 2.1 and Theorem 3.4. We emphasize the fact that this regularity result is also needed for the simpler case of studying the shells that are layered in the thickness direction (this model also incorporated in the analysis here). For the plate model of layered materials in the bending regime, see [Sch07] ). Let us explain the technical relevance of the regularity result Theorem 2.1 for the homogenization. In the compactness result (Proposition 3.7) we are unable to identify -i.e., to obtain any additional information on -the L 2 matrix field B which arises as (part of) the weak limit of approximate strains. In the construction of the recovery sequence it is natural to try to recover this field by adding to the standard recovery sequence an additional term of order h; this term is called w in our proof of the upper bound. Under the convexity assumption, we can prove that with this term we can indeed recover any L 2 matrix field B. This completes the proof. In order to carry out this plan, one must analyze a system of equations whose coefficients depend on the limiting deformation, which is an H 2 isometry. The analysis of this system requires regularity of its coefficients, see Lemma 3.10. No such regularity result was needed in [FJMM03] . Instead, the gradient truncation method used in [FJM02] was employed. However, such a truncation (Lusin type approximation) cannot be used in the present paper. Note that in contrast to the situation encountered here, in the case of plates (see [Sch07, HNV14] ) not every L 2 matrix field B can be recovered by adding an additional term. But one can recover any matrix field that is zero on all planar parts of the deformation. And this class of fields contains the ones relevant for the relaxation.
Notation
C k,α denotes the space of functions that are k-times differentiable and their k-th derivatives are Hölder continuous with exponent α. W k,p , H k denote the standard Sobolev spaces. For A ⊂ R n we denote by C k 0 (A) the space of k-differnetiable functions with continuous derivatives that have compact support in A. We set Y = [0, 1) 2 and we denote by Y the Euclidean space R 2 equipped with the torus topology, that is for all z ∈ Z 2 the points y+z and y are identified in Y. We write C 0 (Y) to denote the space of continuous functions f : 
surfaces
The purpose of this chapter is to prove the following result:
Theorem 2.1. Let U ⊂ R 2 be a bounded domain and let g ∈ C ∞ (U, R 2×2 sym ) be a smooth Riemannian metric on U. Assume that the Gauss curvature K of g is positive and let
We use ideas and a key result from the unpublished (but widely circulated) manuscript [Šve] . For our purposes, its main result is to deduce convexity of H 2 solutions f of the Monge-Ampère inequality det ∇ 2 f ≥ c > 0, cf. Lemma 2.9 below. In [Šve] , this result is combined with a local graphical representation to prove smoothness of C 1,1 isometric immersions of subdomains of the sphere, endowed with the standard metric. Our proof of Theorem 2.1 also uses this idea of representing u locally as a graph of a function f . However, a priori u is not C 1 . Instead, we show that the normal n u to u is continuous. This is enough for u to be locally a graph. Finally, a bootstrap argument, using classical facts about two-dimensional Monge-Ampère equations on one hand and exploiting the link between u and its graphical representation on the other hand, implies that u is smooth.
Continuity of the normal
The purpose of this section is to provide a fairly self-contained proof of Proposition 2.3 below. In doing so, we combine ideas from [BN95, BN96] and others, and we introduce a suitable notion of topological degree. For the reader's convenience, we include proofs of its relevant properties. In what follows, we use the notation |g| = det g and
The Gauss equation is easily seen to remain true for u ∈ H 2 . It reads:
Since we are dealing with H 2 maps, we should verify the validity of Gauss' Theorema Egregium.
Proof. As shown in [FJM06, Proof of Proposition 6], by approximation it is easy to see that the map u satisfies
almost everywhere on U. Denote by P (x) the orthogonal projection from R 3 onto the subspace spanned by ∂ 1 u and ∂ 2 u. Recall that h = n u · ∇ 2 u. Then we deduce from (3) that
But in view of (2) we have
We conclude that the right-hand side of (4) can be computed from g and its derivatives. Since g is smooth, the right-hand side of (4) agrees with K|g|.
Proposition 2.3. Let U ⊂ R 2 be a bounded domain and let g ∈ C ∞ (U) be a smooth Riemannian metric on U. Assume that the Gauss curvature K of g is positive and let u ∈ H 2 g (U). Then the normal
to u is continuous on U.
To prove Proposition 2.3, let R > 0 and let
By a classical result of Schoen and Uhlenbeck, there exist ϕ k ∈ C ∞ (B 2R , S 2 ) converging strongly in H 1 to ϕ. After possibly passing to a subsequence, we may assume that ϕ k → ϕ in H 1 (∂B r ) for almost every r ∈ (0, R), hence
In fact, setting f k (r) =´∂ Br |∇ϕ k − ∇ϕ| 2 , by the coarea formula we have
Hence there is a subsequence such that f k (r) → 0 for L 1 almost every r ∈ (0, R). For the rest of this section we fix r ∈ (0, R) such that (5) and (6) are satisfied simultaneously. Note in particular that ϕ(∂B r ) is compact, due to (5). Define the degree Q : S 2 → R of ϕ with respect to B r by setting
where η is any smooth 2-form on S 2 with´S 2 η = 1 which is supported in the connected component Λ y of S 2 \ ϕ(∂B r ) that contains y. We claim that d is well-defined, i.e., that it is independent of the choice of η. We use the following lemma.
Lemma 2.4. Let Λ ⊂ S 2 be connected and let η be a smooth 2-form on S 2 whose support is contained in Λ and which is such that´S 2 η = 0. Then there exists a smooth 1-form w on S 2 with support in Λ and such that η = dw.
Proof. The proof can be found in [Sch69] .
In view of the lemma it remains to show that if w is a smooth 1-form supported in Λ y then´B r ϕ * (dw) = 0. Since dw is a 2-form and since ϕ k → ϕ strongly in H 1 (B r ), we see that
Due to (6), the compact set ϕ k (∂B r ) does not intersect the support of w for k large enough, because the latter has positive distance from the compact set ϕ(∂B r ). Therefore, ϕ * k w has compact support in B r . Hence, by Stokes' theorem, the left-hand side of (8) is zero. This concludes the proof showing that Q is well-defined by (7). Recall that the essential range of ϕ| Br is the smallest closed set F such that ϕ(x) ∈ F for almost every x ∈ B r ; as shown in [BN95] it is well-defined. More or less directly from the definition of Q, we see the following:
Lemma 2.5. Let ϕ ∈ H 1 (U, S 2 ) and define Q as in (7). Then the following are true:
(ii) If Q(y) = 0 then Λ y is contained in the essential range F of ϕ| Br .
(iii) Q takes integer values.
Proof. To prove (ii), assume that Λ y is not contained in F . Then there exists an open set Λ ⊂ Λ y \ F and a normalized smooth 2-form η supported on Λ. So ϕ * η = 0 almost everywhere on B r . Hence we would have Q(y) = 0. To prove (iii) just note that the last convergence in (8) is also true for any other 2-form; in particular for the form η in (7). But for smooth ϕ, the right-hand side of (7), which is known to attain only integer values.
Lemma 2.6. If ϕ = n u , then we have Q ≥ 0 on S 2 \ n u (∂B r ). Moreover, if Q(y) = 0 then Λ y does not intersect the essential range of n| ∂Br .
Proof. Denote by η S 2 the standard area form on S 2 . Then n * u η S 2 = Kd vol g , due to Lemma 2.2. Applyig (7) with η = ρη S 2 , we see that
for every ρ ∈ C ∞ 0 (Λ y ). Since K > 0 on B r , we conclude that if Q(y) = 0 then ρ • n = 0 almost everywhere on B r . Since ρ was arbitrary, this implies that n(x) ∈ S 2 \ Λ y for almost every x ∈ B r . Since S 2 \ Λ y is closed, by minimality of the essential range we conclude that it must be contained in S 2 \ Λ y .
Lemma 2.7. If n u = ϕ and if R > 0 is small enough, then Q is zero at some point in S 2 \ n u (∂B r ).
Proof. There exists a constant C depending only on g such that
We choose R so small that the right-hand side is bounded by 1/4 times the area of S 2 .
Assume for contradiction that Q = 0 on S 2 \n u (∂B r ). Then by Lemma 2.6 we know that Q is positive and so by Lemma 2.5 we have Q ≥ 1 on S 2 \ n u (∂B r ). Since n u ∈ H 1 (∂B r ), it maps ∂B r into a set of zero area, cf. [Res89] . So the area of S 2 \ n u (∂B r ) is that of S 2 . Hence there exist finitely many pairwise disjoint connected components Λ 1 , ..., Λ M of S 2 \ n u (∂B r ) and
Let y i ∈ Λ i and note that i ψ i ≤ 1 pointwise on S 2 . Hence, recalling that
In view of (9) this contradicts our choice of R.
Since Q vanishes at some point, it is in fact zero on a whole connected component Λ of the open set S 2 \n u (∂B r ). But this means that (after possibly redefinig n u on a set of measure zero) n u does not take values in Λ. We assume without loss of generality that e 3 ∈ Λ and we denote by Ψ :
And
Since Ψ is conformal, we deduce from K > 0 that the Jacobian of Ψ • n u is positive (or negative) and bounded away from zero. Hence Ψ • n u is continuous, cf. [Res89] . (In fact, our arguments essentially even show that Ψ•n u is monotone in the Lebesgue sense, which quite directly implies continuity.) Hence n u is continuous as well.
Proof of Theorem 2.1
Fix a point x 0 ∈ U and let us prove that u is smooth in a neighbourhood of this point. We assume without loss of generality that x 0 = 0 and that n u (0) = e 3 . We write u = Ψ V where V = e 3 · u and Ψ : U → R 2 is the in-plane component.
Lemma 2.8. There exists a positive constant c such that det ∇Ψ ≥ c near 0.
Proof. We compute
By continuity of n u and since √ g ≥ c, there is a neighbourhood of 0 on which the right-hand side is bounded from below by a positive constant.
Since u is Lipschitz by hypothesis, we see that Ψ is Lipschitz and, by Lemma 2.8, that its Jacobian is bounded from below by a positive constant. Hence Clarke's inverse function theorem [Cla76] shows that Ψ is locally bi-Lipschitz on some ball B centered at 0.
We assume without loss of generality that Ψ(0) = 0.
Clearly, f ∈ W 1,∞ (B). Moreover, f ∈ H 2 by the chain rule for the composition of Sobolev functions with a bi-Lipschitz map Φ. The usual chain rule applies. We claim that f satisfies the prescribed Gauss curvature equation
almost everywhere on Ψ(B). In fact, denoting the metric induced by G by
and the normal to G by n u =
, we have
Taking determinants in (12), we see that
Using the chain rule, it is easy to verify that
A similar relation applies to g and g. Therefore, using Lemma 2.2, we see that (13) implies (10).
Observe that the right-hand side of (10) is positive and bounded away from zero and infinity. Hence the following lemma implies that f is a (locally) convex function.
Then f is either locally convex on B or locally concave on B.
Proof. This is proven in [Šve] . As observed in [Šve] , the results in [IŠ93] (which were conjectured in [Šve] ) indeed allow to relax the W 2,∞ hypothesis in [Šve] to the H 2 hypothesis used here. We refer to [Horon, LMP15] and the references therein for more on this.
We may assume that f is convex, and then, e.g. by a result of [Hei60] or by [Caf90b, Caf91] , we may assume that f is strictly convex on B. One can then deduce from (10) that f ∈ C 1 , but we give a direct proof of this:
Lemma 2.10. We have f ∈ C 1 (Ψ(B)).
Proof. We know that n u : B → S 2 is continuous. And so is Φ. Since n u = n u (Φ), we see that n u is continuous. Upon scalar multiplication of (11) with e 3 , we have
(
Since n u (Φ) · e 3 is continuous and strictly positive, we conclude that (1 + |∇f | 2 ) −1/2 is continuous, hence so is ∇f , by (11).
The following lemma is [NS85, Theorem 1']; cf. also [Caf90a] .
Lemma 2.11. Let 0 < m < M < ∞ and let F :
Since F is continuous, its oscillation is as small as we please on B R , provided R is small enough. Hence Lemma 2.11 implies that there exists R > 0 and
). Since Γ is smooth and ∇u is bounded, we deduce from (2) that u ∈ W 2,p (Φ(B R )). In particular, by Morrey-Sobolev embedding, there exists a constant δ > 0 such that Ψ ∈ C 1,δ (Φ(B R )) and f ∈ C 1,δ (B R ). Since K is, in particular, Lipschitz on B, we have F ∈ C 0,δ . E.g. by the results in [Sch82] , we therefore deduce from det ∇ 2 f = F that f ∈ C 2,δ . Hence (12) shows that h ∈ C 0,δ . Hence h ∈ C 0,δ by (14). Thus (2) implies u ∈ C 2,δ for some positive δ in some neighbourhood of the origin. Since on some neighbourhood of the origin u ∈ C 2,δ , for every constant unit vector e the function v = e · u is a C 2,δ solution of the Darboux equation
where Γ · ∇v denotes a suitable contraction of indices. This equation is elliptic with respect to v. Since g −1 , Γ and K are smooth, and since v ∈ C 2,δ , we conclude by standard theory that v ∈ C ∞ , hence u is smooth in a neighbourhood of the origin.
Remark 2.12. Notice that if we only assume that g ∈ C 2,α (U, R 2×2 sym ) then we can conclude that u ∈ C 2,δ (U;
, by standard elliptic regularity (see, e.g., [GT01, Lemma 17.16]).
3 Homogenization for shells
Preliminaries
Unless additional properties are stated, ω ⊂ R 2 is assumed to be a bounded domain with boundary of class C 3 . We set
) and Ω h = ω × (hI), and Ω = ω×I. From now on, S denotes a compact connected oriented surface with boundary which is embedded in R 3 . For convenience we assume that S is parametrized by a single chart: From now on, ξ ∈ C 4,α (ω; R 3 ) denotes an embedding with ξ(ω) = S. The inverse of ξ is denoted by r : S → ω, and we assume it to be C 4,α up to the boundary. As before by g = (∇ξ)
T (∇ξ) we denote the Riemannian metric on ω induced by ξ. Its Christoffel symbols are denoted by Γ γ αβ . In what follows we recall some standard notions and set the notation. All notions are discussed in detail in most basic textbooks on Riemannian geometry. By H 2 iso (S) we denote the H 2 isometries of the surface S. Notice that
where u = u • ξ. We repeat the geometrical framework we used in [HV14] .
• The volume element on S is denoted by d vol S .
• The scalar product on a vector space V is denoted by x, y V , and we define x · y = x, y R k , for x, y ∈ R k .
• We denote by T S the tangent bundle over S, i.e., the collection of tangent spaces T x S with x ∈ S. A basis of T x S is given by
We can regard T x S as a subspace of R 3 ; then we write σ · τ = σ, τ TxS .
• By T * S we denote the cotangent bundle. A basis of T *
It is uniquely determined by the condition τ α (τ β ) = δ αβ , where δ αβ is the Kronecker symbol. Observe that τ α is more commonly denoted by dx α , but we will not use that notation. We can identify T x S with T * x S via τ → τ, · . Via this identification we can identify τ ∈ T * S with the unique vector v ∈ T x S ⊂ R 3 with the property that
• By n : S → S 2 we denote the unit normal to S, i.e.,
We define τ 3 = τ 3 = n. The normal bundle of S is denoted by NS and by definition has fibers N x S given by the span of n(x). We denote by
the orthogonal projection from R 3 onto T x S. We will frequently deal with vector fields V : S → R 3 on the surface.
• The tensor product bundles T S ⊗ T S etc. are defined fiberwise. If T x S is regarded as a subspace of R 3 , then T * x S ⊗ T * x S can be regarded as a subspace of R 3×3 . The symmetric product E ⊙ F of two vector spaces (or bundles) E and F by definition consists of elements of the form
with a ∈ E and b ∈ F . Sections of the bundle T * S ⊙ T * S are called quadratic forms on S. Sections B of T * S ⊗ T * S can be regarded as maps from S into R
3×3
via the embedding ι defined by ι(B) = B(T S , T S ). (On the right-hand side and elsewhere we identify (
• For any vector bundle E over S we denote by L 2 (S; E) the space of all L 2 -sections of E. The spaces H 1 (S; E) etc. are defined similarly. Explicitly, e.g. for E = T S we have
• For any vector bundle E over S with fibers E x , we denote by L 2 (Y, E) the vector bundle over S with fibers L 2 (Y, E x ). The bundles H 1 (Y, E) etc. are defined similarly. For example, L 2 -sections of the bundle
• For a scalar function f : S → R its gradient field along S will be denoted by df , which is also the notation for the corresponding 1-form. In other words,
Here and elsewhere ∇ denotes the usual gradient on R 3 (or on R 2 ) of the extension of f , and ∇ τ f = τ · ∇f = i τ i ∂ i f . We extend these definitions componentwise to maps into R 3 .
• For functions f ∈ L 2 (S, H 2 (Y)) we define Hess Y f to be the section of the bundle L 2 (Y; T * S ⊙ T * S) over S given by
Here and elsewhere ∇ y is gradient in Y with respect to the variable y.
• The Weingarten map S of S is given by S = dn, i.e.,
We extend S to a linear map on T S ⊕ NS ∼ = R 3 by setting S = S • T S , i.e., we define S(x)n(x) = 0.
The nearest point retraction
The nearest point retraction of a tubular neighbourhood of S onto S will be denoted by π. Hence π(x + tn(x)) = x whenever |t| is small enough.
After rescaling the ambient space, we may assume that the curvature of S is as small as we please. In particular, we may assume without loss of generality that π is well-defined on a domain containing the closure of {x + tn(x); x ∈ S, −1 < t < 1}, and that |Id + tS(x)| ∈ (1/2, 3/2) for all t ∈ (− ) and all x ∈ S. For a subset A ⊂ S and h ∈ (0, 1] we define A h = {x+tn(x) : x ∈ S, −h/2 < t < h/2}. In particular, the shell is given by
We introduce the function t :
We extend all maps f : S → R k trivially from S to S 1 , simply by defining
In particular, we extend r, T S and S trivially to S 1 , i.e., we have S(x) = S(π(x)) and T S (x) = T S (π(x)) and r(x) = r(π(x)) for all x ∈ S 1 . The following identity is easy to verify and is given in [HV14] (∇π)(x) = T S (x) (I + t(x)S(x)) −1 .
By using the chain rule we have for f : S → R k the following identity
Thin films
To deal with thin films, we introduce the map Ξ : ω × R → R 3 by setting
) for all z ′ ∈ ω and z 3 ∈ R.
As in [FJM02] we will use the diffeomorphism
It is easy to see that
For given u : S h → R 3 we define its pulled back version u : Ω h → R 3 by u = u•Ξ. We also define its rescaled version y :
and we define the pulled back version y of this map by y = y • Ξ. Then it is easy to see that
We define the rescaled gradient ∇ h y of y by the condition
This corresponds to the fact that the rescaled gradient on th canonical domain is just the physical gradient (on the physical domain) translated to the canonical domain. Using (21) and (22) it is easy to see that
Since ∇t = n, formula (18) and formula (19) show (recall that n is extended trivially to S 1 ):
Since T S clearly commutes with S, we see that T S commutes with (I + tS)
as well. Hence
where
To express ∇ h y in terms of ∇y, insert the definition of y into (23) and use (25) to find
Two-scale convergence
Recall that we extend the chart r trivially from S to S 1 . We make the following definitions:
is said to converge weakly two-scale on
for all ρ ∈ C 0 c (S 1 , C 0 (Y)).
• We say that f h strongly two-scale converges to f if, in addition,
We write f h 2 − ⇀ f to denote weak two-scale convergence and f
) then it has a subsequence which converges weakly two-scale to some f ∈ L 2 (S 1 ; L 2 (Y)). These and other facts can be deduced from the corresponding results on planar domains (cf. [All92, Vis06] ) by means of the following simple observations. Defining f h = f h • Ξ and f (z, y) = f (Ξ(z), y), and taking
a change of variables shows that (27) is equivalent tô
where z ′ is the projection of z onto R 2 . Hence f − ⇀ f on ω. All these definitions are extended componentwise to vector-valued maps. For quadratic forms q, q h on S we say q
S, T S).
A similar definition applies to other bundles. In the end we give the compactness lemma which gives the information about two-scale limit of scaled gradients. For the proof see [HV14, Lemma 4.3].
Then there exists a map w 0 ∈ H 1 (S, R 3 ) and a field H γ ∈ L 2 (S ×I ×Y, R 3×3 ) of the form
such that, up to a subsequence, w h → w 0 in L 2 and
(Ĥ γ ) ij τ i ⊗ τ j weakly two-scale on S 1 .
Here, w 0 is the weak limit in
Elasticity framework
Throughout this paper we assume that the limit
exists in [0, ∞]. We will frequently write ε instead of ε(h), but always with the understanding that ε depends on h. In the case γ = 0 we will additionally assume that ε(h) 2 ≪ h. From now on we fix a Borel measurable energy density
with the following properties:
(W1) (continuity) W (·, y, F ) is continuous for almost every y ∈ R 2 and F ∈ R 3×3 .
(W2) (periodicity) W (x, ·, F ) is Y-periodic for all x ∈ S 1 and almost every F ∈ R 3×3 .
(W3) (objectivity) For all (x, y) ∈ S 1 × Y we have W (x, y, I) = 0 and W (x, y, RF ) = W (x, y, F ) for all F ∈ R 3×3 , R ∈ SO(3).
(W4) (uniform quadratic growth near identity) There exist constants 0 < α ≤ β and ρ > 0 such that for all (x, y) ∈ S 1 × Y we have
In the following lemma we collect the properties of Q(·, ·, ·). They are direct consequence of the properties of W . For a proof see [Neu12, Lemma 2.7].
Lemma 3.2. Let W be as above and let Q be the quadratic form associated to W through the expansion (30). Then (Q1) Q(·, y, ·) is continuous for almost every y ∈ R 2 , (Q2) Q(x, ·, G) is Y -periodic and measurable for all x ∈ Ω and all G ∈ R 3×3 , (Q3) for all x ∈ Ω and almost every y ∈ R 2 the map Q(x, y, ·) is quadratic and satisfies
The elastic energy per unit thickness of a deformation
In order to express the elastic energy in terms of the new variables, we associate with y : S 1 → R 3 the energy
By a change of variables we have
where y h (Ξ h ) = u h . Using (25) it is easy to see that
where |O(h)| ≤ Ch.
Asymptotic energy functionals and main result
Next we will introduce the asymptotic energy functionals. In order to do so, we need the definition of the relaxation fields and the cell formulas.
. We now define relaxation operators with range in the space of L 2 -sections of the vector bundle over S with fibers given for each x ∈ S by
Of course each of these fibers is isomorphic to L 2 (I ×Y; R 3×3 sym ). We now make the following definitions:
. By trivially embedding D(U 0 ) as constant maps into L 2 (S, D(U 0 )), we can regard U 0 also as a map from D(U 0 ) itself into (32). For each x ∈ S the fiberwise action U
This is a subspace of (32), i.e., of L 2 (I ×Y; R 3×3 sym ). We denote by L 0 (I ×Y) the vector bundle over S with fibers L 
for each x ∈ S and q ∈ T * x S ⊗ T * x S. For x ∈ S and q ∈ T * x S ⊙ T * x S define the homogeneous relaxation (cf. [LMP10] ):
Then it is easy to see that
where both infima are taken over all ζ ∈Ḣ 1 (Y, R 2 ), all ϕ ∈Ḣ 2 (Y) and all p ∈ T * S ⊙ T * S. In the case when Q does not depend on t , i.e., the material is homogeneous in the thickness direction we find:
Remark 3.3. The formulae (34) and (34) correspond to the fact that in the regime when dimensional reduction dominates, one can, at least on the level of energies, first do the dimensional reduction (34) and then the homogenization (35). However, doing homogenization of the bending shell model is a different problem, since one has to deal with the restriction of being an isometry (see [NO15] for the planar case).
As in [NV13] , one can prove pointwise continuity of the energies in the parameter γ, i.e., that for all x ∈ S, q ∈ T * x S ⊙ T * x S we have lim γ→∞ Q γ (x, q) = Q ∞ (x, q) and lim γ→0 Q γ (x, q) = Q 0 (x, q).
For u ∈ H 2 iso , by S r u we denote the relative change of Weingarten maps S
where R = ∇ u ∈ H 1 (ω; SO(3)) and we have denoted by
otherwise.
We are now ready to state the main result of this part.
Theorem 3.4. Let W be as above and assume that u
Define
and in the case γ = 0 assume additionally ε(h) 2 ≪ h. Then the following are true:
(ii) (recovery sequence). Assume additionally that ω is star shaped with respect to some ball B ⊂ ω and that S is convex, i.e., there exists C > 0 such that for every x ∈ S we have
Then we have that for any u ∈ H 2 iso there exist u h ∈ H 1 (S h ; R 3 ) satisfying (40), and such that y h → u, stronly in H 1 . Moreover, we have
This is complemented by the compactness result, given in [FJMM03, Theorem 1].
Theorem 3.5. Suppose a sequence u h ∈ H 1 (S h , R 3 ) has finite bending energy, that is (40) is satisfied. Define y h : S 1 → R 3 as above. Then there exists u ∈ H 2 iso (S) such that on a subsequence
as h → 0 after passing to subsequences and extending u and n trivially to S 1 . Here R ∈ H 1 (S, SO (3)) is defined by RT S = ∇uT S and Rn = Rτ 1 × Rτ 2 .
Two scale compactness and lower bound
We impose that the sequence (u
and for a given sequence (u
The following lemma gives us the compactness result we need. It is a direct consequence of [FJM02, Theorem 3.1] and of the arguments in [FJM06] . We refer also to [FJMM03] . The result is obtained by dividing the set ω into the small cuboids (C h n ) n i=1 of size δ(h) in the in-plane direction and height h and then applying the theorem on geometric rigidity on the domains Ξ(C h i ) for every i and h > 0 and by smoothening.
Lemma 3.6. There exist constants C, c > 0, depending only on ω, such that the following is true for every h > 0 sufficiently small: if u ∈ H 1 (S h , R 3 ) then there exists a map R : ω → SO(3) which is piecewise constant on each cube x + δ(h)Y with x ∈ δ(h)Z 2 and there exists R ∈ H 1 (ω, R 3×3 ) such that for each ξ ∈ R 2 which satisfy |ξ| ∞ = max{|ξ · e 1 |, |ξ · e 2 |} ≤ h and for each ω ⊂ ω which satisfy dist( ω, ∂ω) > ch we have:
For a sequence (u h ) that satisfies (40), we define the sequence (G h ) ⊂ L 2 (S 1 ; R 3×3 ) of approximate strains with
where R h : ω → SO(3) is a sequence of piecewise constant maps given by Lemma 3.6. Notice that ∇u
, where the operator ∇ h is given by (23). For ω ⋐ ω we denote by S = Ξ(ω) and by S 1 = ω × I. We are interested in identifying two-scale limits of the sequence (G h ). We will not give the complete proof, only reduce the case to the planar situation , when the rest of the proof goes by not so difficult adaptation to the proofs given in [HNV14, Vel15] .
Proposition 3.7. Let (u h ) be a sequence of deformations that satisfies (40), let G h be defined with (41) and let u ∈ H 2 iso (S) be determined by Theorem 3.5. Then for every ω ⋐ ω such that ∂ ω is C 1,1 we have the following convergence on a subsequence:
Proof. Take ω ⋐ ω such that ω has C 1,1 boundary We decompose the deformation y h on the set S 1 = ω × I, where ω ⋐ ω is such that ∂ ω is C 1,1 .
where R h is given by Lemma 3.6 andȳ h (x) =´I y h (x + tn(x))dt. Notice that
We compute using (19) and (26)
Notice that
From Lemma 40 and (3.6) we conclude that
From the identity (26) and (45) we also conclude that
From the last two expressions and (44) we can conclude that
By using Poincare inequality and (43) we also conclude that
In order to identify the two scale limit of the approximate strain we decompose it in the following form
where, similarly as before, by ∇( R h • Ξ −1 )T S (I + thS) −1 · n we have denoted the operator on R 3 given by
Since now we can, by pulling back, easily translate the problem to the planar one by using the techniques developed in [HNV14] (see the proof of Proposition 3.2) and Lemma 3.1 we can conclude the following
∇ y z(x, t, y),
Here R is L 2 limit of the sequence R h , i.e., R h and we denoted by (y · ∇ ′ R) = y 1 ∂ 1 R + y 2 ∂ 2 R. Using the fact that R t ∂ α R for α = 1, 2 is skew symmetric matrix we conclude that there exist B ∈ L 2 ( S,
and where
• case γ = ∞. In the same way as before we can conclude that there exist
From this we conclude that there exist B ∈ L 2 (S;
and M is defined above.
The case γ = 0, ε(h) 2 ≪ h ≪ ε(h) requires different approach. We will explain how to adapt the approach from [Vel15] . Firstly by using (46) we conclude that
Denote by
We look the following minimization problem
The associated Euler-Lagrange equation reads
Above, ν denotes the normal on ∂ ω. We obtain by standard regularity estimates that v h ∈ H 2 ( ω; R 3 ) under the assumption that ∂ ω is C 1,1 . In this case it holds
for some C > 0. We now decompose the sequence of the deformations (y h ) in the following way
We also decompose the sequence of strains (G h ) in the following way
By using the tools developed in [Vel15] for the planar case, adapted to this framework, we can conclude that there exist
( ∇ y φ(x, y), d(x, y, t) ) ij τ i ⊗ τ j .
From this we conclude that there exist
Remark 3.8. We were able to completely identify oscillatory part of twoscale limit of strain without using the convexity of the shell. The weak limit contained in the field B remains unknown. We will use the convexity in the construction of the recovery sequence by showing that in that case an arbitrary matrix field B can be recovered. In the plate case this is not completely true, but it is true that some appropriate class of the fields B can be recovered. However, it is commented that the class contains the minimizers that we need for the relaxation.
We will just give the sketch of the proof of the lower bound since it follows standard arguments (truncation, Taylor expansion and lower semicontinuity of integral functional with respect to two-scale convergence).
Proof of Theorem 3.4 -lower bound
Without loss of generality we may assume that ffl S 1 y h dx = 0 and lim sup h→0 h −2 J h (u h ) < ∞. We only consider the case γ ∈ (0, ∞). The proof in other cases is similar. By using Theorem 3.5 we conclude that u ∈ H 2 iso (S) and that stronger convergence, given in that theorem are satisfied. Take an arbitrary ω ⋐ ω with C 1,1 boundary. By using Proposition 3.7 we have that there
As explained in [Neu12] (cf. [FJM02] for the corresponding argument in the homogeneous case), a careful Taylor expansion of W (x + tn(x), r(x)/ε, I + hG h (x)) combined with the lower semi-continuity of convex integral functionals with respect to weak two-scale convergence (see e.g. [Vis07, Proposition 1.3]) and using relations (30), (31) yields the lower bound
By using the properties of Q γ (see Lemma 3.9) and exhausting ω with the sequence ( ω n ) n such that for each n ∈ N we have ω n ⋐ ω and ω n has C 1,1 boundary we have the claim.
Upper bound
The proof of upper bound has the analogy with the planar cases. The crucial ingredient here is, as already commented in Remark 3.8 that every matrix field B can be recovered. It is easy to see, by using Korn's inequality, that each fiber of
. Also by Korn's inequality it is easy to see (see also [Neu10, Neu12] ) that the following coercivity bound is satisfied:
where the constant C depends on the embedding ξ. Analogous bounds are satisfied by U γ , for γ ∈ (0, ∞] with the obvious norms on their respective domains of definition. The following lemma is analogous to [NV13, Lemma 2.10, 2.11].
Lemma 3.9. For γ ∈ [0, ∞] we have the following (a) the function Q γ : S ×T S ⊗T S → [0, ∞) is continuous, and there exists a constant C > 0 depending only on the energy density W and the surface S such that, for all x ∈ S and all q ∈ T * x S ⊙ T * x S,
For fixed x ∈ S, the function Q γ (x) :
(b) there exists a bounded linear operator
such that for almost every x ∈ S we have
Proof. We will just give the sketch of the proof for γ ∈ (0, ∞). We introduce the space
(the sum is orthogonal in the L 2 -norm and thus the projections on the components are well defined and linear). Notice that for fixed x ∈ S and q ∈ T * x S ⊗ T * x S we can look the minimization equation (33) as projecting the function t sym q on the linear space V x in the norm determined by the quadratic form Q (which is equivalent to the L 2 -norm). From this we obtain the uniqueness and the linearity of the minimizer for q ∈ T * x S ⊙T * x S. (a) can be now easily proved (see also [NV13] ). Also the part (b) is easily proved, firstly for q ∈ C 0 (S, T S ⊗ T S) and then for q ∈ L 2 (S, T S ⊗ T S) by extension, using the inequalities in (48). The continuity of Π γ [q] for q ∈ C 0 (S, T S ⊗ T S) follows from the property (Q1) stated in Lemma 3.2.
The proof of the following lemma is given in [LMP10, Lemma 5.6]. It uses the results in [Nir53] . We just augment it with the regularity statement that can be easily seen by the arguments given there and standard elliptic regularity.
Lemma 3.10. Let ω ⊂ R 2 be simply connected with C 2 boundary. Let s : ω → R 3 be of class C 2,1 (ω, R 3 ). Assume additionally that s(ω) defines the local surface such the Weingarten map S s is strictly positive (or negative) definite up to the boundary, i.e., there exists C > 0 such that
Remark 3.11. The system q s w = B arises naturally in the geometrical question of the problem of continuation of the infinitesimal bendings (see, e.g., [HLP13, LMP11] ). In [Nir53] this system arises as one step linearization of solving the Weyl's problem (finding a convex surface with prescribed metric) by a cotinuation method.
Proof of Theorem 3.4 -upper bound
• case γ ∈ (0, ∞): Without loss of generality we may assume that ω is star-shaped with respect to some ball B(0, r) centered at the origin.
Notice that, as a consequence of this, we have that for ω λ := λω, (0 < λ < 1), it holds ω λ ⋐ ω. Take an arbitrary u ∈ H 2 iso (S). By Remark 2.12 we have that u ∈ C 3,α (S, R 3 ). Defineũ ∈ C 3,α (ω, R 3 ) by u = u • r. Let R ∈ C 1,α (S, SO(3)) be such that RT S = ∇u. Take arbitrary B ∈ C In an obvious way, by pushing forward, define u λ , w λ ∈ C 3,α (S, R 3 ), B λ ∈ C 0 0 (S, T * S ⊙ T * S), R λ ∈ C 1,α (S, SO(3)). Notice that 
i.e., 
We define the recovery sequence y h (x + tn(x)) = u λ (x) + thR λ (x)n(x) + hw λ (x) −th 2 ∂ τα w λ (x) · R λ (x)n(x) τ α (x) +hεR λ (x) (ζ α (x, t, r(x)/ε)τ α (x) + ρ(x, t, r(x)/ε)n(x)) .
Notice that lim
After a short computation we obtain
+hU γ (ζ, ρ)(x, t, r(x)/ε) + o(h), By using diagonalization argument and letting λ, λ 0 → 1, we can construct a sequence (y h ) such that lim h→0 y h − u H 1 (S,R 3 ) = 0 and and the diagonalization argument we easily obtain the recovery sequence.
• case γ = ∞ the only difference is in the relaxation part of the recovery sequence. We will just give the recovery sequence. For (ζ, ρ, c) ∈ C The results from the previous case can be easily repeated.
• case γ = 0, ε 2 ≪ h ≪ ε. For (ζ, ϕ, g) ∈ C In this case we have
+ε∂ α ϕ(x, r(x)/ε)n(x) ⊗ τ α (x) − ε∂ α ϕ(x, r(x)/ε)τ α (x) ⊗ n(x) +hU 0 (ζ, ϕ, g)(x, t, r(x)/ε) + o(h).
Although in the expansion we have the dangeorus term of order ε ≫ h, the symmetric part of this term vanishes (see [Vel15] for the planar case). This means that (R ε ) t (R λ ) t ∇ h y h = I + thS r u λ (x) + h(R λ (x)) t ∇w λ (x)T S (54) −h ∂ τα w λ (x) · R λ (x)n(x) τ α (x) ⊗ n(x) +hU 0 (ζ, ϕ, g)(x, t, r(x)/ε) + o(h),
where R ε = exp(A ε ) and A ε = ε∂ α ϕ(x, r(x)/ε)n(x) ⊗ τ α (x) − ε∂ α ϕ(x, r(x)/ε)τ α (x) ⊗ n(x).
Again we can repeat the results from the first case (by using the objectivity property (W3) and (30)).
